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Abstract 



We use the AdS/CFT correspondence to discuss the response of an accelerated ob- 
server to the quantum vacuum fluctuations. In particular, we study heavy quarks 
probing a strongly coupled CFT by analysing strings moving in AdS. We propose 
that, in this context, a non-trivial detection rate is associated to the existence 
of a worldsheet horizon and we find an Unruh-like expression for the worldsheet 
temperature. Finally, by examining a rotating string in global AdS we find that 
there is a transition between string embeddings with and without worldsheet hori- 
zon. The dual picture corresponds to having non-trivial or trivial interaction with 
the quantum vacuum respectively. This is in qualitative agreement with results of 
Davies et al. 
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1 Introduction and summary of results 

A remarkable feature of quantum field theory is that a detector undergoing 
non-inertial motion might measure excitations related to fluctuations of the 
quantum vacuum. Roughly speaking, it detects "particles" — or as some- 
times said, it clicks — even if it is moving in vacuum. The first and most 
studied example is the Unruh effect pQ (for a recent review, see [2j): an 
object in uniform proper acceleration — constant in modulus and direction 
- within Minkowski space sees vacuum fluctuations as a thermal bath at 
temperature 

T " = ib (L1) 

In the following, we will set h — c = ks = 1- There are different ways of 
understanding this phenomenon. First, one can realize that the definition of 
a particle in quantum field theory is not unique [3]. The natural quantization 
with respect to different time-like Killing vectors is different and Bogolubov 
transformations relate annihilation and creation operators in the two frames. 
If positive and negative norm states mix non-trivially, the vacuum defined 
in the different frames (state annihilated by all annihilation operators) can 
be distinct. In such case, the vacuum associated to a uniformly accelerated 
trajectory is the Fulling vacuum whereas the accelerated particle sees the 
Minkowski vacuum as a thermally populated state. Second, one can define 
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an Unruh-DeWitt detector [H IU [5], in which a scalar field (in its vacuum 
state) living in space-time is weakly coupled to a detector in motion. Self- 
correlations of the scalar field on the trajectory cause the detector to click. 
Third, changing to space-time coordinates in which the accelerated observer 
is static, the Minkowski metric becomes the Rindler metric and presents 
an acceleration horizon. In this case the thermal spectrum is associated 
to Hawking emission coming from the horizon. These three arguments - 
non-trivial Bogolubov transformation, Unruh-DeWitt detector, existence of 
Rindler horizon — lead to equivalent conclusions for the uniformly acceler- 
ated particle. However, results differ for more general motions, as has been 
remarked and explained in the literature, see for instance ]§\ U\- This empha- 
sizes that the arguments above refer to different aspects of the physics that 
cannot be identified in general. 

The simplest example of this seeming disagreement is that of circular 
motion, as first discussed by Letaw and Pfautsch [8]. An Unruh-DeWitt de- 
tector was shown to measure a (non-thermal) spectrum of excitation^] while 
the Bogolubov transformation is trivial and the vacuum associated to circu- 
lar motion is still the Minkowski vacuum. In fact, in [H] the same authors 
quantized a scalar field for all possible choices of stationary coordinate sys- 
tems in Minkowski space and found that there are only two possible vacuum 
states: the Minkowski vacuum (for coordinate systems without an accel- 
eration horizon) and the Fulling vacuum (for systems with an acceleration 
horizon). That the existence of a horizon is irrelevant for the Unruh-DeWitt 
detector to click was also nicely shown in [12] : by considering simultaneously 
rotation and acceleration and tuning a (linear acceleration) and u (angular 
velocity), it is possible to move continuously between situations with and 
without horizon while the outcome of the Unruh-DeWitt detector does not 
suffer dramatic changes. 

In |13j . Davies, Dray and Manogue focused in the rotating case and ar- 
gued that the results from Bogolubov transformations and the Unruh-DeWitt 
detector should be reconciled whenever one is in a situation in which the ro- 

1 Circular motion is a rather interesting case since electrons in storage rings have been 
proposed as possible experimental "thermometers" for an acceleration temperature [9]. 
Even if for circular motion the spectrum is not thermal, it is possible to define an energy 
dependent temperature, namely, relative populations of states of different energy will not 
depend only on the modulus of acceleration but also on the energy difference in a non- 
trivial way. See also |10) for related work in which the relation to the experimentally 
measured Sokolov-Ternov effect has been further emphasized and discussed. 
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tating Killing vector never becomes space-like, i.e. in cases in which no 
point of space-time co- rotating with the detector exceeds the speed of light. 
In order to support this statement, they studied the behavior of an Unruh- 
DeWitt detector undergoing circular motion in a bounded space (e.g. an 
infinite cylinder or the Einstein universe). The results are very interesting. 
They found that if a detector is moving with an angular velocity w in a 
bounded space of radius R, then it will remain inert as long as coR < a , 
where ao is some constant bigger than one^J On the contrary, whenever 
ojR > ao the detector will "click" and moreover the spectrum of radiation 
will not be thermal. 

The problem of "detectors clicking" (i.e. non-trivial interaction with the 
quantum vacuum) still has several aspects that deserve further study. More- 
over, most of the results presented in the lines above where obtained for 
weakly coupled field theories and some of them rely deeply on techniques 
that are only valid in this regime. Going to the strongly coupled case could 
be a serious challenge but as we will show in this work, the AdS /CFT corre- 
spondence [H] allows us to approach this problem in a very simple manner. 

We will study accelerated detectors by means of the AdS /CFT corre- 
spondence and try to provide some complementary insight to the question: 
what does an observer in non-geodesic motion detect? Along the way we 
will also find some interesting results related to the dynamics of an infinitely 
massive quark living in a S 3 . We define the detector probing the quantum 
vacuum of the CFT as an external quark in A^ = 4 SYM. The dual picture 
corresponds to an open string that extends radially from the boundary to the 
horizon of AdS [15J. To be more precise, the quark corresponds to the tip of 
a string, whose body codifies the profile of the non-Abelian fields sourced by 
the quark. 

Apart from the theoretical interest, an accelerated probe in a strongly cou- 
pled system may be of phenomenological interest, since it has been recently 
suggested [16] that acceleration of quarks induced by the huge magnetic field 
produced in heavy ion collisions can have measurable consequences. 

The main goal of this work is to put forward the idea that the holographic 
signature of a non-trivial response of a probe to the quantum vacuum is the 
presence of non-trivial Hawking radiation propagating in the string world- 
sheet, namely the existence of a worldsheet horizon. In a sense, this is the 
analog of a non-vanishing Unruh-de Witt detection rate. However, the sys- 

2 The precise value of a depends on the geometry of the space. 
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terns under discussion have physical differences with respect to those in which 
the Unruh-de Witt computation is applicable (in particular, we remain at 
strong coupling, as already pointed out) and therefore this analogy should 
not be taken too far away. 

In the context of the AdS /CFT correspondence, an important observation 
regarding the role of worldsheet horizons was made in [T71 dSQ The physics 
of a finite mass quark sitting in a thermal bath (in a deconfined phase) was 
studied by analysing a straight string in an ArfS'-Schwarzchild background. 
The string worldsheet stretches from the black hole horizon up to a UV 
cut-off near the boundary. Semiclassical Hawking radiation emanating from 
the horizon populates the various modes of oscillation of the string, thereby 
making the endpoint/quark jitter. In this case, the stochastic motion of the 
quark is correctly described by a generalized Langevin equation. It is this 
kind of random processes what will make the detector click. 

If the string is in non-trivial motion, the worldsheet horizon does not 
have to coincide with the bulk horizon. As emphasized in [201 EE] (and 
also shown in [22] for a non-conformal theory where the notion of strings as 
moving thermometers was also introduced), the random processes affecting 
the physics of the quark in the dual theory are controlled, in this case, by the 
worldsheet horizon. Crucially, non-geodesic motion of the string endpoint 
lying at the AdS boundary, can produce a worldsheet horizon even when 
the bulk geometry does not have a horizon [23]. For the particular case 
when the endpoint moves with uniform proper acceleration, this issue has 
been discussed in [21 [251 [26] — see also j23 EEl ES] for related work. The 
corresponding worldsheet horizon has a temperature that is precisely given 



by (1.1), and there is also an associated brownian motion 

In this paper, we will generalize this observation to arbitrary motions of 
the string endpoint. Moreover, we will consider the field theory living in 
both IR 1 ' 3 and IR x S 3 and emphasize the physical differences that stem from 
having a finite space. 

Knowing the string embedding is an essential ingredient of this analysis. 
We begin in section [2] by reviewing a remarkable paper by Mikhailov [3T], who 
constructed an analytic embedding for a string in AdS dual to an infinitely- 
massive quark in M = 4 SYM that follows an arbitrary timelike trajectory. 
The solution is valid for both global AdS and the Poincare patch but it was 

3 An early discussion of the importance of horizons for the physics of probes was pre- 
sented in ITS]. 
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written explicitly only for the latter. To make contact with the results of 
|13j . we will work in global AdS where the dual boundary theory lives in a 
S 3 . In section 22 we work out the solution for the string embedding and 
calculate the on-shell energy of the string. As in the Minkowski case [23J, 



the total energy of the string splits into two terms: E q given by (2.32) which 



appears as total derivative and is associated to the intrinsic energy of the 



quark (and anti-quark) at time t, and V q written in (2.30) that represents 



the energy lost by the quark over all times prior to t. Equation (2.30) is a 



Lienard like formula for a quark moving in a stongly coupled gauge theory 
living in a S 3 . We close this section with a discussion regarding the concept 
of radiation in a strongly coupled theory defined on a bounded curved space. 

In section |3j armed with the analytic solution found in section [2j we 
carefully scrutinize the structure of the induced worldsheet metric. We show 
that for an arbitrary motion of the string endpoint and as long as the squared 



proper acceleration A\ defined in (3.2) is a positive constant, there is a world- 



sheet horizon with a temperature given by 



T 



As 
2tt 



;i.2) 



We would like to emphasize that it is remarkable that this Unruh-like formula 
holds for general motions and not just for the case of uniform acceleration. 
It is also important to keep in mind that this worldsheet temperature is not 
necessarily identified with a temperature in the gauge theory; we will briefly 
comment on this matter in appendix [Aj When A\ < there is not a world- 
sheet horizon and it does not make sense to define T ws . We will distinguish 
between cases with and without horizon, but computing the precise detector 
excitation rates lies beyond the scope of this work. 

Circular motion will be the subject of section |4} The solution for a rotat- 
ing string in the Poincare patch has been recently discussed in [32]. Indeed, 
there is a worldsheet horizon, meaning that the quark will measure non- 
trivial fluctuations of the vacuum. On the other hand, the coordinate change 
adapted to the rotating quark does not produce an acceleration horizon (see 
appendix [Bj . Following the idea of Davies et al. [15] . the apparent paradox 
should fade away when the theory lives in a bounded space, such that no 
co- rotating observer would exceed the speed of light. In order to bear out 



this observation, we restrict the solution (2.24) and consider the particular 



case of a string rotating in global AdS. The string embedding in given by 



(4.8) and (4.9). The dual picture is a quark rotating parallel to an equator 



5 



of the S 3 . We discuss a family of solutions depending on the latitude R 
and the angular velocity oj. There is indeed a transition between solutions 
with and without worldsheet horizons. Therefore, our results are in qualita- 
tive agreement with those of [13] even though we are working in a strongly 
coupled, non-abelian theory. 

Throughout the paper, we have done all the calculations considering an 
infinitely heavy quark which might seem awkward since stochastic motion 
is suppressed in the large mass limit. However, we are only interested in 
qualitative results, and, in particular, in finding the position of the worldsheet 
horizon. From |33J, we know that Mikhailov's solution can be written for a 
finite mass quark as well and, qualitatively, our conclusions remain the same. 
We will briefly come back to this subtlety in section |3j 

We believe that the fact that we can provide some insight into these old 
questions in quantum field theory from a different perspective constitutes yet 
another illustration of the usefulness of the AdS /CFT correspondence. 

2 Strings moving in AdS 5 

In this section, we will review and extend the work of [31J, which will be 
an essential tool in the subsequent discussion. The author of this paper 
managed to find explicitly the open string worldsheet embeddings solving 
the Nambu-Goto equation inside anti-de Sitter space, for an arbitrary time- 
like trajectory of the string endpoint attached to the boundary; namely for 
an arbitrary time-like trajectory of the quark in the dual theory. It can 
be interpreted as a non-linear wave propagating in the worldsheet for an 
arbitrary perturbation. 

It is important to remark that it is not the most general solution: the 
boundary condition is given such that the wave flows away from the quark 
and never comes back. In particular, in global AdS, this means that an anti- 
quark lying at the antipode of the quark absorbs completely the perturbation. 

Consider AdS 5 space as a hyperboloid embedded in IR 2 ' 4 , namely 

X M X M = (X- 1 ) 2 + (X ) 2 - (X 1 ) 2 - (X 2 ) 2 - (X 3 ) 2 - (X 4 ) 2 = 1 (2.1) 

where the M indices run over the six dimensional target space M = — 1,0,. ..,4 

and we define t]mn = {+ H } with mostly minus notation. We have 

taken the AdS radius to one, but we will eventually reinsert it when com- 
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puting some quantities in the dual field theory, taking into account that 
R 2 Ads /a' = a/A, where A in the 't Hooft coupling. 

For any vector depending on one parameter l M {r) and satisfying 

1 M Im = 0, (d T l M )(d T l M ) = 1 (2.2) 

there is a surface — worldsheet — which is parameterized by r, a which 
is extremal within AdS (namely, the string solves the equations from the 
Nambu-Goto action) and can be written as 

X M (r,a) = ±d T l M (r) + al AI (r) . (2.3) 



Notice that using (2.2), it is immediate to show that X Xm — 1, namely this 



surface indeed lies within AdS§. In the gauge theory language, the ± sign of 



(2.3) corresponds to the choice between a purely outgoing or purely ingoing 
boundary condition for the waves in the gluonic field at the location of the 
source. We will focus solely on the solution with the plus sign, which is the 
one that captures the physics of present interest, with influences propagating 
outward from the quark to the anti-quark. 

The induced metric on the worldsheet was also given in [31] and takes 
the simple form 

ds 2 ws = (d 2 l M d 2 l M + a 2 )dr 2 - 2drda. (2.4) 
2.1 Strings in the Poincare patch 

In order to proceed further, let us give an explicit realization of the X 



satisfying (2.1). If we write 



X- 1 = ^(1 - (x,) 2 + z 2 ) , X» = z- 1 x\ x4 = Yz {1 + ( ^ )2 ~ 

7 (2.5) 

we are in the Poincare patch. The dual CFT lives in IR 1 ' 3 . The greek index 
runs over fi = 0, 1, 2, 3 and we will contract it with a 4-dimensional mostly 

minus Minkowski metric t]^ = {-\ }. The Poincare metric on AdS 

follows 

dsl = r] MN dX M dX N = — (r]^dx»dx v - dz 2 ) (2.6) 

z 

with the boundary at z — 0. Let us write down the vector l M (r) in terms of 
a set of four arbitrary functions x^(r), to be identified with the trajectory of 
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the string endpoint attached to the boundary 



r 1 = - (1 - (Mr)) 2 ) , F = 3?{t) 



Regarding (2.2), we need 



1 



I' = 2 (! + fe(r)) 2 ) • (2.7) 



(2.8) 



such that t is the proper time of the endpoint /quark trajectory. Notice that 
a is fixed and equal to a = z~ x , then equations (2.3) are reduced to: 



x"(r,z) =zd T x»(T)+x»(T) . 



(2.9) 



Equation (2.9) displays the string worldsheet as a ruled surface in AdS$ 
spanned by the straight lines at constant r. 



To be more concrete, from the /i = component of (2.9), parametrizing 
the quark worldline by x°(t) instead of r, and using dr = \7l — -iPdx , where 
v = dx/dx°, this amounts to 



t = z 



+ t 



ret 5 



(2.10) 



where we have introduced t = x , t ret = x and the endpoint velocity v is 
meant to be evaluated at t re t- In these same terms, the spatial components 
of (2.9) can be formulated as 

x(t, z) = z 



+ x(t Iet ) = (t - t Iet )v + x(t mt ) . 



y/l — v '■ 

As explained in [23J, t ret should be understood as a retarded time. 



(2.11) 



An example: rotating string in the Poincare patch 

Later on this letter we will discuss the physics of a quark rotating in Minkowski 
space and compare it to the case of a quark rotating in a 5* 3 (dual to a string 
in the Poincare patch and global AdS respectively) which, as we have men- 
tioned in the introduction, is our major concern. With this in mind, we will 
now obtain the solution found in [32] in which the string endpoint is rotating 
in a circle of radius Rq at constant angular velocity u, and show that it is 
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a particular case of the formalism presented in the previous section. Let us 
write 



x 1 = Rocos(u}t let (r)) 



x 2 = R sm(ut rct (T)) 



x 6 = 0; 



and from (2.8), we read the relativistic factor 

d r t 1 



T b ret 



1 - R 2 co 2 



7 



(2.12) 



(2.13) 



and therefore t vet = 7 r. We now compute the string worldsheet by inserting 



these boundary conditions into (2.9) 



t(t iet ,z) = zj + t Tet , x l (t Tet ,z) = -zj R usm(ut ret ) + RoCos(ut Tet ) , 
x 3 (t vct ,z) = , x 2 {t veU z) = z 7 R u cos(ut ret ) + R sm(ut iet ) . 

(2.14) 

If we define polar coordinates in the x l — x 2 plane according to x 1 = R cos 0, 
x 2 = R sin 0, we can rewrite the above result as 

R 2 (t,z) = RKl + zW^ 2 ) , 
<fr(t,z) = u>(t — 72) + arctan(a;7z) , (2-15) 

where we have written <fi in terms of coordinate time using the first expression 



of (2.14). The solution (2.15) has been discussed in [32J. 



2.2 Strings moving in global AdS 



One can solve (|2.1|) in terms of a different set of coordinates 



x- 1 



cos 



X a ='-n a 



r 
b 



(2.16) 

where h is a constant and a = 1, ... ,4 and the n a span the surface of a unit 
S 3 , namely 



Em 1 



(2.17) 



a=l 



The n a could be realized in terms of some particular set of angles parameter- 
izing the sphere but for the moment it is convenient to keep them general. 
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These are the global coordinates and when we consider AdS written in 
this fashion, the dual CFT lives in a three-sphere IR x S 3 (with the real 
line corresponding to global time). The global AdS metric (with unit AdS 
radius) is 



dsl = 7]MNdX M dX N 



(1 + (r/bf) dt* - TWJW - r 2 dnl 

(2-18) 

with the boundary at r = oo and where dVt\ = dn a dn a is the metric of the 
unit S 3 . The constant b is the radius of the S 3 in which the dual field theory 
lives and we will also set it to 1 in the following in order to reduce cluttering 
of notation. We will however reinsert it on dimensional grounds at several 
points for the interpretation of results. 

The next step is to find a parameterization of I m {t) which, as in the 
Poincare case, is written in terms of a set of functions which can eventually 
be identified with the motion of the endpoint at the boundary. Let us write 

T 1 = cos(t rct (r)) , 1° = sin(t ret (r)) , l a = n a {r) . (2.19) 
If we impose the constrains 

J>°) 2 = 1 , d T ti t - $> T ^(r)) 2 = 1 > ( 2 - 2 0) 



the conditions (2.2) are automatically solved. Defining 



> a = dt ret n a , a a = d tmt v a , (2.21) 



the second equation of (2.20) require 



d T t ret = 7 , 7 = n _ , (2.22) 



v 



where v 2 = v a v a and we have introduced the relativistic factor 7 which for a 
general motion will depend on t ret . Notice that v a , a a are defined as velocity 
and acceleration in the IR 4 space in which the S 3 is embedded, and not as 
velocity and acceleration on the sphere itselQ 

4 Nevertheless, v 2 is the same in IR 4 and S 3 . 
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Inserting (2.19) into (2.3) — where again we take the plus sign — , we 
find the worldsheet embedding 



X = — 7 sin t TCt + a cos t vet 

X° = 7 COS t ret + 0" SU1 t ret , 



(2.23) 



We now relate this expression to the t, r, n a coordinates of global AdS 
through (2.16), with b = 1. After some algebra one gets 



t 



ret 



arctan 



t(t ret} <j) 
r(t ret ,a) = \la 2 + 7 2 ^ 2 
n a (t mt ,a) 



7 



a 



(7 v a + an a ) 



(2.24) 



We have written the embedding in terms of coordinates t r et ; but it can 
be also understood in terms of the original worldsheet coordinates r, a by 
noticing the t re t relation implicit in (2.22). If we want both endpoints of 
the string to reach the boundary r = 00, it is clear that the worldsheet 
coordinate has to range in a G (—00, 00). For any given r, the two endpoints 
lie at antipodal points 



n (t, +00) = -n (t, -00) 



n a (r) . 



(2.25) 



where we have taken into account that lim (J _ s .-i- 00 - = ±1. Thus, the solution 
is representing an infinitely massive quark at a given point of the sphere and 
an anti-quark at the antipode. 



The energy of the string and a Lienard-like formula 

Another important result of |3T] is the emergence of Lienard's formula for 
the power radiated by an accelerated charge that is obtained by computing 
the on-shell energy of the string worldsheet in the Poincare patch. In this 
section, we generalise this computation to the case of global AdS, which 
should be associated to the energy flowing away from the charge moving on 
a three- sphere^] 

5 It is important to be careful with the concept of radiation and energy loss in a bounded 
space. We will comment on this further in the text. 
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Concretely, we want to compute the on-shell energy density of the string at 
fixed global coordinate time t. With that aim, we parameterize the worldsheet 
as n a (t, a), r(t, a), such that the Nambu-Goto action is 



S = — / ^/-det(P[g])drda = — Cdtda (2.26) 

where we have reinserted the AdS radius ('t Hooft coupling of the dual 
theory) and introduced the lagrangian density 



1 + r 2 



£ = - | (d a r) 2 - T —- 5 (d t n a f(d (J r) 2 + r 2 (l + r 2 )(d a n a ) 2 - r\d t n a ) 2 {d c n h ) 2 + 

2r 2 



l + r 



-Xd t r) 2 (d a n a ) 2 + r\d t n a d (T n a ) 2 + 



l + r 



(d t n a d a n a )(d t r)(d a r) (2. 



The energy is an integral of the hamiltonian density 

DC 



E(t) 



2?r 



Udo 



27 



(d t n a ) 



2tt 



d(d t n a 

(d a r) 2 + r 2 (l + r 2 )(d a n a ) 2 



+ (dtr) 



dC 

d(d t r) 



-C)da 



C 



da 



(2.28) 



We now evaluate this expression by inserting the solution (2.24). This is 



a rather lengthy but straightforward computation, in which the final result 
takes a remarkably simple form. Before discussing it, let us briefly comment 



on some intermediate steps. A subtlety is that in (2.28 ), the partial derivative 



d„ has to be taken at fixed t whereas d* has to be taken at fixed a. On 



the other hand the quantities in (2.24) are written as a function of a, t mt . 



Therefore, they should be interpreted as functions of a, t ret (t,a) where the 



t ie t(t,a) relation is implicitly given by the first expression of (2.24) 



Another important point is that it is better to reexpress the energy as 
an integral over t TCt . We use the first equation in (2.24) at fixed t to change 
from a to £ ret . 



The expression (2.27) cannot be directly used to extract equations of motion for the 



fields n a (t, a), r(t, a), since the n a are subject to a constraint (2.17). Nevertheless, once we 
know the solution, (2.27) can be used to compute the on-shell lagrangian and hamiltonian 
densities. 
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Taking all this into account, (2.28 



) gives 



/X f f 

E(t) = i- / dt iet P q + E q (v(t)) (2.29) 

where the first term is the rate of energy flowing down the string from one 
endpoint (quark) to the other (anti-quark) and is given by 

v _ a\l-v 2 ) + {t-d) 2 -v\l-v 2 )/tf . . 

(1-^)3 • V-W> 

In this expression we have reinserted the constant b and defined 

v 2 = v a v a , {v-a)=v a a a , a 2 = a a a a . (2.31) 

The integral over i ret encodes the accumulated energy lost by the quark over 
all times prior to t. This term is a generalization of Lienard's formula for 
a quark living in a strongly coupled theory defined in the S 3 . As b — > oo, 



the result of [3T] - Lienard's formula — is recovered. Clearly (2.30) is not 
positive definite which might seem strange and we will later comment on this 
matter. 



The second term in (2.29) comes from a total derivative and following 
the discussion of [23] , it should be associated to the dispersion relation of an 
infinitely massive quark (and infinitely massive anti-quark). The result is 



2tt 



E q = —7 o- 



<T=00 

) 



(2.32) 



which is the intrinsic energy of the quark (and anti-quark) at time t. Notice 
that as in the Minkowski case, the split of the total energy of the string 
admits a clear and pleasant physical interpretation. 

In the Poincare patch, the dynamics of a finite mass quark — such that 
a ranges in a finite interval — was studied in [3HI El]- The authors found a 
nonlinear generalization of the Lorentz-Dirac equation that correctly incor- 
porates the effects of radiation damping. It would be interesting to generalise 
this computation to global AdS, but that lies beyond the scope of the present 
work. 

For a quark rotating in Minkowski space (namely a string rotating in 
the Poincare patch), the emitted radiation was studied in great detail in 
[32] and it was found that the radiated power is very similar to that of 
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synchrotron radiation produced by an electron in circular motion in classical 
electrodynamics. When the theory lives on the S 3 , the situation is different. 
First of all, since one cannot go to asymptotic infinity, it is not clear how to 
define radiation. However, the boundary conditions implicit in Mikhailov's 



solution (2.3) imply that all the energy released by the quark is absorbed by 
the antipodal antiquark. As argued in [33], this is the most similar situation 
to what one can call radiation on the sphere. Loosely speaking, one could 
think of the situation as adding a point to R 3 at infinity, such that it becomes 
topologically S 3 . This "point at infinity", where the antiquark is, does not 
allow radiation to bounce back. Therefore, whatever gluonic field is radiated, 
it only lives for a finite time, before it reaches the antiquark and is absorbed, 



a time 7rb later, as encoded in the integration limits of (2.29) The time 
of flight of a signal propagating through the worldsheet between the two 
endpoints is the same as that of a signal propagating at the speed of light 
in the dual theory from one point of the sphere to the antipode, which is 
in fact 7r6. We remark that, for general quark-antiquark string extended in 
the bulk, the time of flight via the worldsheet and via the boundary do not 
match j36j EZ] • Consequently, keeping in mind the aforementioned words of 



caution, it is natural to interpret the first term in (2.29) as the radiation 
produced by an electric point-like charge living on a S 3 . 

In [38], it was argued that the generalization of Lienard's formula to 
curved spaces should simply be given — apart from an overall multiplicative 
constant — by the square of the proper acceleration 

dE ~ DU a DU a 

— = A\ = 2.33 

dt 4 dr dr ( J 

where r is the proper time on the particle worldline, U a is the four-velocity 
and D stands for the covariant derivative computed using Christoffel symbols 

dU a 

DU a = — + T a M U p W . (2.34) 

We have introduced the notation A\ in order to make clear that this is a 
proper acceleration computed with the 4d metric, the index a takes values 
0, . . . , 3 running over the coordinates of ds\ = dt 2 — b 2 dQ 2 . By inserting 



this metric into (2.33) and transforming to the notation above (namely v, a 



7 This approximate notion of radiation loses its validity when the size of the emitted 
pulse is comparable to the travelled distance, namely the size of the sphere. We will further 
discuss this issue in section [4] in a particular case. 
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correspond to velocity and acceleration as computed in the R A in which the 
S 3 is embedded), a straightforward computation shows 



\l - v 2 ) + (v ■ a) 2 -v\l-v 2 )/b 2 



(2.35) 



The expression (2.35) is similar to what we got in (2.30), but not the same, 
the difference is v 2 7 2 6 -2 . Let us briefly comment on this mismatch, for which 
strong coupling and the finite size of the sphere seem to play an important 
role. First, the result of [38] in principle cannot be used for the S 3 since 
its computation is for the energy that escapes to infinity, something that 
cannot happen in the compact S 3 . And second, notice that (2.35) is positive 



definite whereas V q given in (2.30) is not. When V q < 0, there is an energy 



flow up the string from the anti-quark to the quark. This seems to reflect 
the fact that, at least in some regime^J the quark and the anti-quark cannot 
be considered as independent objects. 



3 Worldsheet horizons and clicking detectors 

In the introduction, we have reviewed that a worldsheet horizon induces 
some rate of random motion on the dual quark. However, when one thinks 
of Unruh-De Witt detectors, one typically thinks that what is getting excited 
is some internal degree of freedom, such as for instance swapping the spin 
of an electron. In the AdS /CFT framework, there is a kind of internal 
degrees of freedom which one can think of, in some sense, as the analog 
the electron spin. That is, the worldsheet Hawking radiation will not only 
cause the endpoint/quark to fluctuate around its classical trajectory along 
the boundary of AdS 5, but also along the internal space, which would be S 5 
in the benchmark case of AdS 5 x S 5 . More precisely, one could think of a 
finite mass quark as a string ending on a D7 brane which wrap an S 3 inside 
the S 5 . Following the previous arguments, the string endpoint associated to 
the quark will jitter along the S 3 if and only if there is a worldsheet horizon: 
the internal degrees of freedom of the quark will be excited — the detector 
will click with a non-trivial rate — only in that case. Thus, there will be 
stochastic motion in both space-time and the internal sphere. 

At this point, it is worth commenting on the implications of considering 
an infinitely massive quark. Clearly, fluctuations around the classical quark 

8 In section 4 we will study the particular case of a rotating quark and see this explicitly. 
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trajectory are suppressed in this limit. Nevertheless, if one deals with a fi- 
nite mass quark along the lines of [33], the position of the horizon would 
remain unchanged, provided the x^(t) (or (n a (r)) are reinterpreted accord- 
ingly. Moreover, one should keep in mind that a finitely massive quark has 
a "gluonic cloud" around it and cannot be reinterpreted as a point-like ob- 
ject (as opposed to the usual Unruh-de Witt case). A more refined analysis 
of these features lies beyond the scope of the present work. On the other 
hand, it is important to mention that the internal degrees of freedom will get 
excited even in the case of an infinitely massive quark. 

In this regard, a somewhat similar situation was studied in where the 
authors considered a Dl fixed in the gauge theory directions but rotating with 
constant angular velocity in one of the maximal circles of the S 5 . In the case 
of the Poincare patch there is indeed a worldsheet horizon and therefore an 
internal degree of freedom is being excited. They studied the same situation 
in global AdS but only geodesic motion was considered, then there was not 
a worldsheet horizon and according to our proposal the interaction with the 
quantum vacuum is trivial. We just notice here that this stochastic motion on 
the internal directions must exist, but we will not attempt here to explicitly 
compute its form. 

As we have seen in the previous section, we have the embedding functions 
of the string for an arbitrary time-like trajectory of the string endpoint. We 
now want to use this result and compute the induced metric for a rather 
general situation. 

The induced metric in the worldsheet for an arbitrary trajectory of the 



enpoint I m {t) was written in (2.4). We remind the reader that this is valid 
both for the Poincare patch and for global AdS, we will later comment sep- 
arately on the two cases. 



Let us rename the quantity appearing in (2.4) as 



2 d \ d \ , , 

A & = - mN — — (3.1) 

where the A 6 notation is introduced to make clear that this is a proper 
acceleration in the 6d space defined by the Vs. Using the notation introduced 



in section \2.2\ one can easily check that 

A2 _ a 2 (l-v 2 ) + (v-dy-(l-v*)/bi 
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This quantity in general depends on r but let us consider the case in which 
it is a constant such that the worldsheet metric is stationary]^] Performing 
the coordinate change 

arctanh ( — J (3.3) 



A 6 \A 6 , 
the worldsheet metric takes the form 

da 2 

ds 2 ws = (a 2 - Al)df 2 - (3.4) 

a — /i 6 

which describes (a piece of) AdS 2 . If A\ > 0, there exists a horizon with 
temperature 

A 6 

T ws = — . (3-5) 

Notice that it is possible to have A\ < since A G corresponds to an acceler- 
ation in the 6d space-time spanned by the l M which has two time directions. 



Penrose diagrams 

Let us be more precise about the causal structure on the worldsheet. It is 
useful to change to Kruskal-like coordinates in order to draw the associated 
Penrose diagrams. We will first consider the string living in global AdS and 
comment at the end on what happens in the Poincare patch. We have to 
study separately the cases with A\ > and A\ < 0. 

When A\ > 0, the appropriate coordinate change has to be defined piece- 
wise: 



a > A, 



6 



M < A 



o < -A 6 



| ( arctan(r + j- log ^^ ) + arctan r 
| ( arctan(r + A- log ^r^) — arctan r 

| f 7r — arctan(r + ^arctanh j-) + arctan r 
| ( 7r — arctan(r + ^-arctanh j^) — arctan r 



2n + arctan (r + 4- log °"^ 6 ) + arctan r 



27T + arctan (r + -j- log <T+ 4 6 ) — arctan r 



2 \ 1 V 1 Aa to 0--A6 



For non-constant Aq, one should study Hawking radiation with non-stationary ge- 
ometries. This would allow to study from AdS /CFT the effect of vacuum quantum fluc- 
tuations of non-stationary motions as for instance that recently considered in [JD] from 
the Unruh-De Witt perspective. 
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where we define the arctan to always take values between —tc/2 and tt/2. 



In the new coordinates, the metric (2.4), for constant A\ = —d%l M O^Im is 
rewritten as 

ds is = 2 'Cr A !L m ( dy2 - du2 ) ( 3 - 6 ) 

cos 2 {V + U) cos 2 {V - U) v ' 

which, as we wanted, is conformal to a flat metric spanned by V and U, both 
bounded coordinates. The associated Penrose diagram is depicted in figure 
[l] (left), in which the ranges of U, V associated to the full possible range of 
r and a encode the physics. The presence of causal horizons is clear from 
the plot: a signal from the quark can reach the antiquark but the converse is 
impossible. It is worth pointing out that such a signal from the quark to the 
antiquark satisfying dll = dV arrives in finite global time t (it takes a time 
At = 7r). On the other hand, trajectories dU = —dV would take infinite 
global time t to reach the r = oo line, or to come out from r = — oo. A 
signal emitted from the anti-quark would propagate towards larger ex's but 
would spend infinite global time to reach a = —A e . 

Let us now consider the case with A\ < 0. With the coordinate change 

rr 1 ( 2 ^ \ 

V = - arctanir . arctan — . ) + arctan r 



2 V yFM ' 



U = - ( arctan(r , arctan — ) — arctan r I (3.7) 



the metric can again be written as (3.6). The Penrose diagram for this case 



is also shown in figure [T] (right). There are no causal horizons and signals can 
go from the quark to the antiquark and vice- versa. This is just the Penrose 
diagram of AdS2- 

If we consider the string living in the Poincare patch, only A\ > is 
possible. Moreover, the string is just defined for o > (there is no antiquark). 
Thus, one just has to keep the lower half of the plot on the left of figure [T] 
Of course, there is still a horizon at a = Aq, no signal from a < A e can reach 
the quark at a = oo. 

Discussion 

We have already mentioned that when the bulk is the Poincare patch of 
AdS, the dual theory lives in a flat IR 1 ' 3 space. One can think of it as the 
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Figure 1: Penrose diagrams of the worldsheet for A\ > (left) and A\ < 
(right). Dashed lines are lines with constant a. The two endpoints of the 
worldsheet correspond to the quark (at a = oo) and the antiquark (at a = 
— oo), which we depict with thick lines. In the second plot, they intersect the 
horizontal axis at U — ±c = ± arctan(7r/2). Null trajectories going to the 
right correspond to constant r in both plots. 



decompactification limit of IR x S s when the radius of the sphere diverges 
b — > oo. Comparing (3.2) to (2.35), we see that A\ = A\ in this limit and 
therefore (3.5) tells us that the worldsheet temperature has to be associated 
to the proper acceleration of the quark. It seems that we are just recovering 
Unruh's formula (1.1). However, the result is very surprising because (3.5) is 
valid for any stationary motion and not just for uniform acceleration. Thus, 
in this sense, the situation at strong coupling looks simpler. We will further 
comment on this fact in appendix [XJ but a deeper understanding of this 
phenomenon requires further work. 

When the dual theory lives in IR x S* 3 , it is not true any more that the 
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proper acceleration gives the worldsheet temperature since A 6 ^ A 4 . In fact, 



from (2.35), (2.30), (3.2) we find the interesting structure 



A\ > V q > Aq 



(3.8) 



In the decompactification limit b — > oo, these three quantities coincide. Let 
us also consider the following relation 



Al 



1 



v 2 )b 2 



(3.9) 



Whenever A\ < 0, there is no horizon and it does not make sense to define 
T ws . From (3.9) we also see that it is possible to have non-zero proper 
acceleration A^ and nevertheless the detector will remain inert. We shall 



provide an explicit example of this in section |4j Equation (3.9) is reminiscent 
of the results of 



Ell 02], where particles moving in AdS where studied with 
the Unruh-De Witt formalism. The curvature of space-time may set a non- 
trivial lower bound on the proper acceleration necessary to start feeling effects 
of the quantum vacuum. See also [43J for recent progress in related subjects. 



It is worth mentioning that (3.9 ) is a particular case of the general formula 
given in (44] relating the acceleration in a curved space to the acceleration 



in some ambient flat space which in our conventions reads A\ = A\ + K 2 V 
for Kl u = -r, MN K£K» where 



(3.10) 



4 Quarks rotating in circular paths 



As advertised in the introduction, in this section we will study the problem 
of what happens to an accelerated observer undergoing circular motion in 



a bounded space. To address this question we will use the solution (2.24) 



restricted to a circular motion parallel to the equator but let us first review 
some early results for a quark rotating in 4d Minkowski space. 

In [32] a quark rotating with constant angular velocity u in Minkowski 
space was studied. The solution for the string found in that letter is a 



functions in (2.15). 



particular case of (2.9) as we showed in section 2.1 We wrote the embedding 



A worldsheet horizon develops in the string worldsheet and it is located 
at Zh = l/(7 2 uw) where ^uv is the proper acceleration of the quark. From 
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the perspective of an inertial observer, the quark emits gluonic radiation 
and this translates into stochastic fluctuation above the classical trajectory. 
From the point of view of the quark itself, we know that it does not see a 
thermal medium (i.e. there is no acceleration horizon), however, as explained 
in the introduction the detector clicks. This is of course consistent with the 
results of [HI EES]- The authors of (32] also calculated the total power radiated 
by the quark and found that, as for ordinary synchrotron radiation, it is 
proportional to the square of the proper acceleration of the 4d motion 



P 



A 



2vr 



Ai 



2tt 



4 2 2 
7W!) , 



(4.1) 



in agreement with [31J. 



Quark rotating in a non-maximal circle of S 3 



In order to pursue the ideas of [13] in a strong coupling situation, we want 
to consider rotation of a quark in a bounded space-time and check that 
the finiteness of space has a decisive influence on whether detectors click - 
namely on whether non-geodesic observers measure non-trivial excitations 
associated to fluctuations of the quantum vacuum. In the AdS /CFT frame- 
work, this is naturally implemented by analysing open strings living in global 
AdS, which are dual to quarks probing a theory which lives in IR x S 3 . 



In section |2.2| we have written the general solution for a string moving 
in global AdS, see equation (2.24) and remember the radius of the S 3 was 
taken to one, 6 = 1. We now want to consider the particular case in which 
the string endpoint is moving with constant angular velocity along a non- 
maximal circle of the S 3 (see Figure^]). The first step is to give an explicit 



representation of the n a defined in section [272] in terms of a set of coordinates 
parameterizing the S 3 . We write 
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n 1 = Vl-R 2 
n 



n 



" — R sin 9 cos < 



n 



Rcos9 
R sin 9 sin d 



(4.2) 



10 In order to make more obvious the rela tion to the Poincare patch case, we will be a 
bit cavalier with notation. The coordinates (4.2 1 are not good for the whole S 3 . Strictly 
speaking, instead of R, one should use another angle R = sin \ with \ G [0, 7r] . It should be 
understood in the following that the string lies at x S [0, n/2] for a > and at \ <= ["72) tt] 
for a < 0. 
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Figure 2: Left: Schematic representation of the quark and antiquark rotating 
in the S 3 . The latter is located at the antipode. Right: representation of 
global AdS. The quark/endpoint is located at the boundary r = oo, the 
string goes into the bulk, reaches a minimum value r = r m j n and comes back 
to the boundary. The shape of the string is just a cartoon. 

with Re [0,1], 9 G [0,7r) and G [0,2vr). The metric of the unit S 3 then 
reads 

dill = + R 2 d8 2 + R 2 sin 8d(j) 2 . (4.3) 



" :! " 1 - R 2 

Let us now consider the string endpoint to be in circular motion with constant 



velocity in the azimuthal angle <p ( see Figure [2]): 

R(r)= R , 0(r)=wt ret (r) 



(t) 



7T 



(4.4) 



where Ro is the radius of the trajectory at the boundary. We can read the 

(4.5) 



quantities defined in (2.21), (2.31): 



2, .2 



v ■ a — 



i 2 = Rlu A 



From (2.20) we also know that 

^ret 



T 



1 - W 2 ^ 



7T 



(4.6) 
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Restricting (2.24) to this rotating quark ansatz, the string embedding is given 
by 



r(r, cr) 
9(r,a) 



R(r,a) 



7T + arctan 



7 



a 



'a 2 + y 2 u 2 R 2 , 
2 ' 

fl UJ \ 

^ujt + arctan (^ — J 



2,, ,2 



(4.7) 



a 2 + 7 2 W 2 J R 2 • 

The solution written in this form is not very illuminating. We can elim- 
inate the first two equations in (4.7) by rewriting the solution just as a 
function of t and r. The result is 



R(r) = Ro\l 1 - ± ^(l-R 2 ) 



and 



4>(t, r) = cot — u arctan( 



7 



^/^T 



+ arctan(- 



(4.8) 



(4.9) 



— T 2 — 7 2 

Reinserting the S 3 radius b and taking the appropriate decompactification 
limit, it is not difficult to check that (4.8), (4.9) reduce to (2.15). As expected, 
when cr oo then R{r) — > R and <fi(t, r) — > out. Notice also that the 
embedding functions are not well defined for all values of the coordinate r. 
From (4.9) it is straightforward to see that r £ (r min , oo) where r min = •yuRo, 
which corresponds to cr = (see Figure [2]) . 



Plugging (4.5) into (2.30), (2.35), (3.2), we can read the quantities: 

12 



V q = ^R 2 oo 2 (uj 2 - 1) , A\ = ^R 2 uj 4 (1 - R t 



At 



7 4 (^ 4 - 1) . 



(4.10) 

Let us now try to extract some physical information from this solution. 
First, from the induced metric we can obtain the position of the worldsheet 
horizon. The result is 



r H = J^R 2 u 2 (u 2 -l)-l 



(4.11) 
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We are now dealing with a quark (detector) rotating in a bounded space so 



we expect to make contact with the results of |13| . It is clear from (4.11) 
that not for every value of u and Rq the string worldsheet develops a horizon. 
One way to see this is to fix the value of Rq (i.e. fix the "latitude" at which 



the string endpoint is moving) and from (4.11 ) find the critical value u = u, 



for which a horizon appears. This happens when r# = r min , leading to 

= ■ (4.12) 

This is the same condition as demanding A\ = 0. Of course the endpoint 
cannot exceed the speed of light, then we can conclude that the observer will 
feel a non-trivial interaction with the quantum vacuum for a range of angular 
velocities: 

< u < — (4.13) 



\fR~o Rq 

This is in qualitative agreement with what happens in the weakly coupled 



case analyzed by Davies et al. 

It is also interesting to look at the value of the rate of energy flowing 



down the string from the quark to the antiquark V q , see (4.10). It turns 
out that at lj = 1, this quantity changes sign. This is precisely the value 
of u at which a co-rotating observer in the equator moves at the speed of 
light, although we do not know whether there is any physical reason for this 
coincidence. Thus, there are three different physical regimes. Reinserting b 
(the radius of the S 3 ) they are: 

• < cub < 1 

There is no worldsheet horizon. A co-rotating observer at the equator 
follows a time-like trajectory. Moreover, the quark is not loosing energy 
(V q < 0), but rather gaining energy from the gluonic fields whereas 
the anti-quark located at the antipode does emit energy. Below we 
will show that the external force acting on the quark is also negative, 
meaning that in order to have a stationary motion we need to pullback 
the quark instead of pushing on it. This makes it clear that in this 
situation, one should definitely not consider the quark and antiquark 
as independent objects, but one should rather think of the whole system 
as a kind collective motion. Both finite size and strong coupling seem 
to play a role in order to make this possible. The particular case u b — 1 
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implies that V q = (and also the external force vanishes), then, the 
quark and antiquark rotate without any energy flow along the string. 

• 1 < tub < -kr 

A would-be co-rotating observer at the equator would now move faster 
than the local speed of light. The total power radiated V q is positive 
(and also the external force). Nevertheless, there is not a worldsheet 
horizon and according to our proposal this means that the detector is 
not interacting with the quantum vacuum. As explained in the intro- 
duction, a similar situation is observed in [13]. 

• 7m <ujb< i> 

The presence of the worldsheet horizon indicates, from the point of view 
of the inertial observer, that the quark will fluctuate around its classical 
trajectory (stochastic motion), meaning that the detector is interacting 
non-trivially with the vacuum. It should be interesting to describe the 
stochastic motion of the endpoint /quark following the ideas of [TTl [18] 
but we leave that for future work. In this regime, the quark is emitting 
gluonic radiation which, as explained before, lives for a finite amount 
of time before it reaches the antiquark and is absorbed. 

Let us make a heuristic argument in order to explain the transition be- 
tween the second and third regimes. Let us think of the quark in a trajectory 
near the pole of the sphere such that it does not really probe the finiteness 
of the space. In the limit b — > oo, R — > with bR Q fixed, the situation is es- 



sentially as if the quark was rotating in Minkowski space [32J, see section 2.1 
Only the third regime exists in this limit and there must be a worldsheet 
horizon. Synchrotron radiation is emitted and the length-scale controlling 
the actual size of a pulse is 7~ 3 a _1 [32j^| The idea is that when the size of 
this pulse is of the same order as the radius of the S 3 , namely 7~ 3 a _1 ~ b, 
one cannot think any more of a quantum process in which a gluon emitted 
at a point and absorbed at the antipode. In a sense, the wavelength of the 
emitted "gluon" is as large as the S 3 . At this point, the stochastic process of 
backreaction to the radiation emission ceases to exist. If we go to ub ~ ~m=, 
we would have 7 of order one and indeed 7~ 3 a~ 1 ~ b. This could give a 
qualitative understanding of the oj c ~ 1/ y/R~o behaviour. In order to make 



11 This observation was suggested in [32] but not proved in general, see also [45] for a 
different approach to the same issue. 
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this connection more rigorous, one should compute, along the lines of [32J, 
the profile of radiation for the present situation. 



Force and momentum 

As a consistency check we can calculate the total power radiated by the 
rotating quark but applying the techniques used in [32]. The external force 
acting on the string endpoint is given by 



J 7 -h 



2tt 



V\dC 

2tt dd/ 



(4.14) 



where ' means d/da. For this particular case 

v 7 ^™, VA 4 d2 , 2 

7 R lu(uj 



2n 



2tt 



-n 



2tt 



(4.15) 



Finally, using the fact that energy is conserved on the string worldsheet we 
can write 

"Vr^V-I) (4-16) 



2tt 



which is exactly ^V q , with V q given in (4.10 



patch (4.1 ) is recovered neglecting the 1 inside t 



The result in the Poincare 
re bracket. For the anti-quark 



endpoint, one gets the same result with opposite sign. 



APPENDICES 

A Global embedding in Minkowski space 



In section[3]we checked that, whenever A\ is constant and positive, there is a 
worldsheet horizon and its temperature can be associated to what one could 



loosely call the Unruh temperature, see (3.5). This poses a puzzle. On the 
one hand, we would only expect uniformly accelerated motion to precisely 
produce thermal effects. But we have found that any stationary motion with 
the same constant modulus of the proper acceleration produces exactly the 
same induced metric on the worldsheet and therefore, it will yield the same 
pattern of stochastic motion — at least along the directions transverse to 
the classical trajectory, including excitations along the internal space. There 
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is no difference between uniform acceleration and other stationary motions, 
from this point of view. However, this is not a prove that the quark is, 
in general, immersed in a thermal bath. In this appendix, we will make a 
computation that singles out uniform acceleration: we will check that only in 
that case, every bit of the string worldsheet is locally immersed in a thermal 
bath. 

Let us start by considering the local temperature as seen from any bit of 
the string worldsheet, at some given a. That is, we compute a temperature 



depending on a, making use of Tolman's law for the worldsheet metric (3.4) 



T T 

T ws {a) = — = • (A.l) 

y/9ff ^a 2 - Aq 

Here and in the following, we use hats for quantities referring to the string 
bit located at a given a. 

Before proceeding further, it is useful to introduce notation for the higher 
derivatives of the position. The relativistic jerk and snap defined in [46J are, 
for a particle living in n-dimensional Minkowski space time with proper time 
r, n-velocity If 1 and n-acceleration A^ 1 = d T U^: 

dA^ dY^ 
W = — + {A V A V )U* , ~» = — + {Z"A U )U» , (A.2) 
dr dr 

such that U v Yj v = U U "E> V = 0. A particle in uniform acceleration has vanishing 
relativistic jerk S M and snap S M . 

We can now compute a different temperature for the same string bit: we 
consider the string bit itself as a particle and compute the temperature it feels 
due to its motion within the AdS 5 space. In order to do that, we follow ideas 
of [4"T1 H2] and find out how it moves within the GEMS (global embedding 
in Minkowski space) of AdS. The GEMS of AdS is simply given by the X M 



of (2.1) and therefore we already have the expression for the motion in the 



GEMS written in (2.3). All of the following computations follow from this 
solution. 

The proper time corresponding to the string bit is 



f(a) = r x ja 2 - A\ (A.3) 

such that 



rU , dX M A M + aU M 



U (<j ) = ^— = ' - (A.4) 
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where we have introduced 



U M = d T l M , A = d T U M . (A.5) 



These quantities without hat refer to the motion of the string endpoint within 
the 6d space spanned by the I . Remember that U m Um = 1, A M Am = 
—A\. Let us also define — E m Em = ? 2 , — S m Sju = £ 2 . For simplicity, we 
assume that A\ y <; 2 , £ 2 are all constant as is the case for circular motion. 
The acceleration of the string bit at position a is A M (a) = ^p- It is 
straightforward to compute its modulus 

A\a) = -A M A M = + — ^ ■ (A.6) 



a 



Notice that in the right hand side, A\ and q 2 refer to quantities associated to 
the motion of the string endpoint. Imagine we define an Unruh -like "acceler- 



ation temperature" as 7a (a) = ^. Then, comparing to (A.l), we find that 
the local worldsheet temperature coincides with the acceleration temperature 
only when the boundary jerk vanishes, namely for uniform acceleration (a 
case studied in |26j). This is suggesting that the nature of the worldsheet is 
only really thermal in that case, as one would expect on general grounds. 

On the other hand, the quantity T A (a) can really be considered as a 
temperature only if the relativistic jerk is small for the corresponding string 
bit (44j^j The appropriate dimensionless quantity to be used as a measure 
of how small the jerk is was defined in [HI 14*6] . We find 



(a n a n : 



(a 2 -Al)(e + *\ 2 )+^ (AJ) 



(Al{a 2 - Al) + ?Y 



If the jerk and snap of the boundary trajectory vanish q 2 = £ 2 = 0, this 
quantity is identically zero. Otherwise, and provided there is a horizon (A\ > 
0), then we have (A^) 2 = 1 precisely at a 2 = A\. Thus, unless the quark 
is uniformly acclerated, it is not possible to have a small jerk for the whole 
string. This seems to point out that the string only is really in a thermal 
bath when the quark undergoes uniform acceleration. This is only possible 
when the field theory is defined in IR 1 ' 3 , and not in IR x S 3 . 



12 In fact, all higher derivatives of the position should be small in order for a motion to 
be approximately in uniform acceleration and therefore for Ta to be a temperature |46j . 
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B A non-singular coordinate transformation 



As explained in the introduction, there are at least three different ways to 
understand the detection of particles from the point of view of an accelerated 
observer and all of them are equivalent in the uniformly accelerated case. For 
more general motions this is no longer true. 

In this appendix we give the explicit coordinate transformation that re- 
lates the inertial observer to the accelerated one (sitting on the quark). We 
show that the transformation is non-singular and therefore the determinant 
of the jacobian matrix J~(r,t,4>,R,9) is different from zero. Given the em- 



bedding fuctions (4.8) and (4.9), the coordinate transformation is 
t' = t , 



6' = 6 



ut + u;arctan( = ) — arctan(- 



y/l + r 2 — 7 2 a/1 + r 2 — 7 2 



7 2 cu 2 i?o 



R' = R-\l^^{l-Rl) + Rl. (B.l) 



which is non-singular everywhere. Using (B.l) we can calculate de determi- 
nant of the jacobian matrix, the result is 

&et[J{r,t,<t),R,e)] = 1 (B.2) 

reflecting the fact that the Bogolubov transformation is trivial [H] or equiv- 
alently, that there is not an acceleration horizon present in the transformed 
metric. This is very different for example to what happens when using the 
Rindler coordinate system to go from Minkowski to Rindler space-time for 
which the det[j7"] = precisely at the location of the acceleration horizon. 
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